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Abstract
Surface water storage and fluxes in rivers are currently poorly observed at the global scale,
although they represent major components of the water cycle and heavily influence human
life. Stream gauges can provide timely measurements which are crucial for flood prediction
and water resource management. However, heterogeneous distribution of in situ networks
together with rising worldwide concern on river systems, prompt new techniques for realizing
river dynamics and discharge.
Satellite remote sensing of rivers is a rapidly emerging subdiscipline within hydrology. Satel-
lite altimeters like ENVISAT and JASON can provide information on water surface elevation.
Satellite imagery missions such as LANDSAT and MODIS can be used to estimate surface wa-
ter extent, e.g., river width. Nonetheless, these techniques provide only one of the multiple
measurements required to accurately estimate discharge from space. Furthermore, all of these
measurements require in situ calibration to provide accurate discharge estimates. Therefore,
a satellite mission which observes simultaneous, high-resolution measurements of parameters
to estimate discharge without in situ calibration, is demanding. The future Surface Water and
Ocean Topography (SWOT) mission is dedicated to provide terrestrial and ocean water surface
elevations globally with high spatial resolution.
Given SWOT observables namely the river surface elevation, width and slope, periodic estima-
tion of river discharge would be possible. There have been several models to estimate river
discharge with respective to SWOT measurements. In this thesis, we analyze nine different dis-
charge models including experimental models and the hydraulic based models. We used water
level time series from satellite altimetry H, effective river width W obtained from satellite im-
agery and slope S to evaluate the models along four defined reaches of two rivers namely Niger
and Po with different morphological and climatic conditions.
To assess the discharge models, we applied the Gauss-Helmert adjustment model for eight of
these models to estimate unknown parameters of each model. The unknown parameters of
each model depend on the characteristics of the defined reach along the rivers. The reason for
the implementation of such algorithm is dealing with erroneous quantities on both sides of the
discharge model or the observation equation in adjustment theory terminology. We tested and
validated our results over the two mentioned rivers. Among the experimental models, namely
models 2 to 5, model 3 with NSE of 0.92 for the river Niger and 0.44 for the river Po outperforms
the other models. For the other models which have been developed by hydrologists, model 7
outperforms other models with NSE of 0.97 for the river Niger and 0.53 for the river Po.
In addition to the discharge estimation, average base zero flow height–which will not among
the observable quantities of SWOT mission–is estimated. This quantity which leads to river
depth estimation is evaluated by three models including model 1, 6 and 7 where the conver-
gence was possible during the iterative scheme of the Gauss-Helmert model. Validation of the
results is done for the river Po where we have surveyed cross-sectional data. The first model
shows the average error of ±0.5 m between estimated discharge and surveyed value, although
the standard deviation is respectively large in comparison to the other two models.
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Introduction
1.1 Introduction to river discharge
Rivers link atmospheric, terrestrial, and oceanic processes and route approximately 40% of
the global total rainfall over land back into the ocean (Durand et al., 2016; Oki and Kanae,
2006). They also represent an important resource for freshwater, agriculture and urban devel-
opment as well as a major hazard during flood events. Consequently, estimation of the river
discharge is crucial for having knowledge on the amount of a major water resource for hu-
mans together with hazard prediction. Traditionally monitoring of river discharge is obtained
using in situ gauges. However, these data may not be available due to the absence of gauges
in some countries namely underdeveloped countries and also political issues (hydropolitics).
Moreover, gauges are inherently limited to providing information only at single points along
a river and fail to capture three-dimensional dynamics of fluvial systems (Mersel et al., 2013).
Additionally, the number of in situ datasets have declined tremendously according to Figure
1.1 and 1.2. As it can be seen from Figure 1.1, the number of in situ gauges have decreased from
8000 in 1950 to below 2000 in 2010.
Figure 1.1: Number of available stations with discharge data according to GRDC database (Tourian et al., 2013)
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Figure 1.2: Number of available stations according to GRDC database (Tourian et al., 2016a)
1.2 River discharge from spaceborne techniques
Considering the above-mentioned problems, we need to investigate alternative approaches for
discharge estimation. As stated by (Alsdorf et al., 2007), spaceborne measurements of terres-
trial surface waters provide unique capabilities to address the indicated limitations. River dis-
charge estimation from satellite remote sensing of river hydraulic variables including width,
stage, slope, surface velocity, and channel pattern has been explored and discussed in recent
decades (Durand et al., 2016). (Smith et al., 1996) found a power law correlation between
the satellite-derived effective width and discharge using ERS 1 SAR images and simultaneous
ground measurements of discharge. (Bjerklie et al., 2003) examined different models using
satellite-derived hydraulic parameters including water surface width, surface velocity, stage,
and slope. (Kouraev et al., 2004) employed TOPEX/POSEIDON altimetry data to estimate river
discharge based on a relation between water level H and discharge. (Andreadis et al., 2007)
used a data assimilation technique (Ensemble Kalman Filter) built around a river hydrody-
namic model to recover water depth and discharge. (Tourian et al., 2013) introduced a statis-
tical approach to derive discharge from river height through a rating curve based on quantile
functions.
(Gleason and Smith, 2014) proposed AHMG (at-many-stations hydraulic geometry) where
paired coefficients and exponents of AHG (at-a-station hydraulic geometry) from many cross
sections of a given river reach are functionally related to one another, following a log-linear
relationship. (Durand et al., 2014) presents Metropolis-Manning (MetroMan) algorithm to esti-
mate river bathymetry, roughness coefficient, and discharge based on input measurements of
river water surface elevation H and slope S using Metropolis algorithm in a Bayesian Markov
Chain Monte Carlo scheme. (Garambois and Monnier, 2015) implement a form of Manning’s
equation to retrieve the river low flow bathymetry, roughness and discharge (A0,K,Q) (GaMo
algorithm). (Durand et al., 2016) introduced MFG (Mean Flow and Geomorphology) algorithm
which uses the so-called wide-channel approximation leading to a form of Manning’s equation
that approximates river depth as the difference between water surface elevation and the
cross-sectional average river bathymetry. Also, (Durand et al., 2016) describes the MFCR
(mean flow with constant roughness) approach which assumes a constant value for roughness
coefficient and uses the water balance model (WBM) mean annual flow estimation. The last
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five discharge algorithms (AHMG, MetroMan, GaMo, MFG, and MFCR) are designed for SWOT
mission–which will be introduced in next pages–outputs for rivers (height, slope, elevation).
1.3 River depth estimation
There have been several methods to estimate river depth via remote sensing. (Legleiter et al.,
2004) assessed the feasibility of mapping fluvial systems with passive optical remote sens-
ing and analyzing physical processes of radiative transfer in shallow stream channels. Also,
(Legleiter et al., 2009) suggested a spectrally-based approach to retrieve depth from passive
optical image data. Further on, (Legleiter and Roberts, 2009) developed a forward image mod-
eling (FIM) framework for remote mapping of river morphology via depth retrieval from pas-
sive optical images. (Fonstad and Marcus, 2005) used a combination remote sensing imagery
and open-channel flow principles to estimate depths for each pixel in an imaged river which
called hydraulically assisted bathymetry (HAB) model.
(Leon et al., 2006) derived mean reach depth from the parameters of the power law establishing
the rating curve between water stages from satellite altimetry. (Bjerklie, 2007) introduced a
general relation to estimate the bankfull depth from observed width and slope, although as he
states there is significant error in the estimation.
(Andreadis et al., 2007) used a data assimilation technique (Ensemble Kalman Filter) built
around a river hydrodynamic model to recover water depth and discharge. Similarly (Du-
rand et al., 2008) estimate bathymetric depth and slope using synthetically-generated SWOT
measurement and a data assimilation (DA) methodology. (Biancamaria et al., 2011) combined
coupled hydrologic or hydrodynamic modeling of the (Arctic) river with virtual SWOT obser-
vations using a Local Ensemble Kalman smoother to characterize river depth.
(Durand et al., 2010a) used an algorithm to obtain estimates of river depth and discharge based
on Manning’s equation which reduces the computational expense in contrast to data assimila-
tion techniques (Andreadis et al., 2007; Durand et al., 2008).
(Mersel et al., 2013) proposed ”Linear” and ”Slope-Break” extrapolation methods that seek
to identify optimal locations where there is high correlation between W (cross-sectional flow
width) or We (effective width) and H (water surface elevation). As they concluded, the Slope-
Break method can detect fewer optimal locations, even though it shows less errors than Linear
method.
Since we are going to evaluate different river discharge models and respectively river depth
using satellite altimetry and imagery, there will be short preface into satellite altimetry and
satellite imagery.
1.4 Satellite altimetry
Satellite altimetry–a key space geodetic data source for hydrological purposes–is a technique
that can determine the water surface height of inland water bodies at an accuracy of several
dm (rivers, small lakes, and reservoirs) or even sub-dm (large lakes) (Tourian et al., 2016b).
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The technique includes measuring the travel time of a radar pulse from the satellite antenna
to the surface and back to the satellite receiver. This will finally yield the range between the
satellite and surface of the Earth. The height H of the water surface is calculated by the differ-
ence between orbit latitude and the calculated range. Also, one has to consider different time
delays due to pulse propagation through atmosphere and reflection on the surface correction
(Calmant et al., 2008).
Research on the oceans and ice were among the primal applications of satellite altimetry. Im-
provement in data acquisition techniques, for instance, global repeat observations, cloud pen-
etration and night time observations have allowed the study of lakes, wetlands, and recently
large rivers. Altimetry data can provide information on water level time series, discharge cal-
culation and river altitude profile (Jarihani et al., 2013).
1.5 Satellite imagery
Satellite imagery consists of images of Earth (or other planets) collected by satellites and can
provide variations in Inland surface water with proper temporal sampling. Detecting shore-
line changes is possible through optical and synthetic aperture radar (SAR) satellite imagery
missions, from which variations in the surface extent of lakes and rivers can be recognized.
Monitoring of the Earth has remarkably improved due to the rapid growth of the satellite im-
ages from different sensors. The Moderate Resolution Imaging Spectroradiometer (MODIS), or
the families of Landsat, Satellite Pour l’Observation de la Terre (SPOT), and Sentinels are some
instances of the satellite imagery missions. Before the year 2000, about 10 satellite images were
available at any given location monthly. The number of observations has now been increased
to more than 40 per month. This number will expand dramatically by new missions, like the
series of Sentinels (Elmi et al., 2016).
The current and future satellite imagery missions with high spatial and temporal resolution al-
low comprehensive interpretation of hydrological objects in comparison with satellite altimetry
missions with their point-wise measurements and coarse temporal resolution (10 days for the
Jason mission and 35 days for the Envisat mission)(Elmi et al., 2016).
1.6 SWOT mission
As discussed above, satellite remote sensing has provided useful observations, but no past or
current satellite mission has been specifically designed to observe, at the global scale, surface
water storage changes. This is the purpose of the planned Surface Water and Ocean Topogra-
phy (SWOT) satellite mission (Biancamaria et al., 2015).
SWOT is a joint project of NASA, the French Centre National d’Etudes Spatiales (CNES), the
Canadian Space agency (CSA) and the UK Space Agency dedicated to providing the first high-
resolution images of terrestrial water surface height, inundation extent, and ocean surface ele-
vation globally (Pavelsky et al., 2014; Durand et al., 2010b).
The core technology for SWOT is the KaRIN SAR radar interferometer, originally developed from
the efforts of the wide swath ocean altimeter (WSOA). KaRIN will be complemented with the
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following suite of instruments: a JASON-type (C- and Ku-band) nadir-looking conventional al-
timeter, a three-frequency microwave radiometer, similar to the advanced microwave radiome-
ter (AMR) flown on the ocean surface topography mission (OSTM), as well as global positioning
system (GPS) receivers and a DORIS (Doppler Orbitography and Radiopositioning Integrated by
Satellite) transponder for precise orbit determination. KaRIN will measure elevations at high
precision and spatial resolution. The OSTM payload complement will be used for calibration
and to obtain a cross-calibrated data set with traditional altimeters (Durand et al., 2010a).
Besides we should keep in mind that SWOT will not observe river channel bathymetry, thus
limiting its value for estimating river depth and discharge (Mersel et al., 2013). Therefore, river
channel bathymetry is a significant source of uncertainty in estimating discharge from water
surface elevation (WSE) measurements (Durand et al., 2008).
1.7 Objective of this thesis
In this thesis, we will use measured in situ discharge data, satellite altimetry data (water surface
elevation H) and effective river width W obtained from satellite imagery together with slope S
to estimate and assess nine different discharge models. Each model consists of a number un-
known parameters and we employ Gauss-Helmert adjustment model in order to evaluate these
parameters together with their respective variance-covariance matrix. We have performed our
analysis over two rivers namely river Po flowing in Italy and the Niger river running through
Koulikoro city in Mali. For each river, four reaches are defined along the river and the data will
be divided into training period–in order to evaluate unknown parameters for each reach–and
validation period to assess the performance of the estimation. Furthermore, the average base
zero flow height will be computed for three of the models for both rivers.
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Case study and data
2.1 Datasets
2.1.1 Water level time series from satellite altimetry
As mentioned in the introduction, water surface elevation can be determined with the help
of the satellite altimetry. The problem with this technique is the poor temporal and spatial
resolution which relates to its ground track pattern. For ENVISAT, the intertrack distance at the
equator is approximately 80 km, which is less than TOPEX/POSEIDON with 311 km. Wherever
the satellite ground track passes through a hydrological object, a Virtual Station (VS) can be
defined. The temporal resolution of water level time series at the virtual stations are: 10 days
for TOPEX and the Jason series and 35 days for ERS-1, ERS-2, ENVISAT, and SARAL/AltiKa. The
problem of temporal resolution of CryoSat-2 mission is even worse than mentioned missions
with 369 days (Tourian et al., 2016b).
In the recent past, multimission altimetry has been widely used to solve the problem of tem-
poral and spatial resolution around the world. However, multimission studies over rivers are
very limited. As (Tourian et al., 2016b) stated:"no study has been dedicated to water level
monitoring of rivers using a multimission approach with the focus on improving the temporal
resolution, due to a variety of challenges." Having the measurements from different missions
at different locations with different dynamic behavior and hydraulic parameters is one chal-
lenge. Another challenge is the intersatellite biases, which is an obstacle for a straightforward
combination of water level measurements (Tourian et al., 2016b).
To overcome mentioned limitations, (Tourian et al., 2016b) introduced a geodetic approach by
which, after estimating and removing intersatellite biases, all virtual stations of several satellite
altimeters are connected hydraulically and statistically to produce water level time series at any
location along the river. In this work, water level time series are obtained using this method.
Satellite altimetry missions data which has been used in this thesis are summarized in Table
2.1.
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Table 2.1: Satellite altimetry missions and respective temporal resolution
Dataset Temporal resolution Time period
Topex/Posidon 10 d 1992-2002
ENVISAT 35 d 2002-2010
Topex/Posidon XT 10 d 2002-2005
ENVISAT XT 30 d 2010-2012
Jason-2 10 d 2008-2016
CryoSat-2 369 d 2012-2014
Multi-mission altimetry 3 d 2000-2014
2.1.2 Effective river width time series from satellite altimetry
In this thesis, we use the river width together with its uncertainty based on the method in-
troduced by (Elmi et al., 2016). They introduced an automatic algorithm for water body area
monitoring based on maximum a posteriori estimation for a Markov random field. The algo-
rithm considers pixel intensity, spatial correlation between neighboring pixels and temporal
behavior of the water body to extract accurate water masks. The time series of the water area
together with their uncertainty are generated by applying the method to all images of the given
river reach (Elmi et al., 2016) on MODIS images.
Table 2.2 summarizes the dataset of satellite imagery to obtain effective river width.
Table 2.2: Satellite imagery dataset
Dataset Temporal resolution Spatial resolution Time period
MODIS 8 d 250 m 2000-2014
2.1.3 In situ data
In situ discharge measurements datasets for the river Niger is available from the global runoff
data center (GRDC) from 1907-2006. Discharge measurements for the river Po are also available
from Agenzia Interregionale Fiume Po (AIPO) from 1995-2013. Table 2.3 summarizes the in situ
stations of the rivers.
Table 2.3: The location of in situ stations of the rivers Po and Niger
River Station Lat (◦) Lon (◦) Period Source
Niger Koulikoro 12.87◦ N 7.25◦ W 1907-2006 GRDC
Po Borgoforte 45.05 ◦ N 10.75 ◦ W 1995-2013 AIPO
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2.2 Case study
In this study, two rivers are selected for the estimation of the river discharge and depth: river
Niger in Mali and river Po flowing in Italy.
River Niger (Koulikoro city) : The river Niger is the third largest river in Africa and the four-
teenth longest river in the world. Rising in the Guinea Highlands, the river flows 4200 kilome-
ters through Guinea, Mali, Niger (including along the border with Benin), and Nigeria, before
discharging in the expansive Niger Delta on the Gulf of Guinea (Hogan, 2013). The average
width of the river in the study area is approximately 1100 m. Figure 2.1 show the river Niger
and the study area.
Figure 2.1: The river Niger and approximate study area
Figure 2.2 shows the defined four reaches along the river and corresponding in situ station
which is located in reach 2.
Figure 2.2: The river Niger and corresponding in situ station
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Effective river width, water level time series with respective uncertainties and discharge time
series are shown in Figure 2.3 and 2.4. As it can be seen from the left panel, the level of un-
certainties for the width data is rather large in comparison to water level data. Moreover, for
the first reach, we have quite noisy data which does not follow the seasonal behaviour of other
reaches. Also low correlation value according to Table 2.4 quantifies the behaviour of the time
series shown in the figure. Therefore, it is expected that we obtain poor results for the first
reach for this river.
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Figure 2.3: Left panel, effective river width time series for the river Niger (2000-2016). Right panel, water level time series for
the river Niger (2002-2016)
Generally, it can be seen that for the second to fourth reaches, water level, effective river width
and discharge time series follow the same seasonal behaviour. Together with the correlation
results in Table 2.4, it is expected to achieve proper results for these reaches.
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Figure 2.4: River discharge time series for the river Niger(1996-2006)
Scatter plots of discharge-height and discharge-width for the four reaches are shown in Figure
2.5. Generally discharge increases with increasing of the water level and width which is quite
obvious from the figure, although the first reach, as expected, does not act accordingly. Fur-
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thermore, the value of average base zero flow height can be extracted by fitting the rating curve
to the discharge-height scatter plot.
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Figure 2.5: Scatter plots of the discharge versus water level (top) and width (bottom) for four reaches of the river Niger
Table 2.4: Correlation coefficient between Q, H, W
for the river Niger
Reach 1 2 3 4
Corr(H,Q) 0.93 0.93 0.93 0.93
Corr(W ,Q) −0.28 0.86 0.96 0.93
Corr(W ,H) −0.43 0.88 0.94 0.93
It should be noted that the data are divided into training and validation period. In the training
period, we will estimate the unknown parameters of the models and in the validation period,
we will estimate the discharge with estimated parameters and compare with in situ data with
performance metrics which will be introduced in the chapter of methodology. The training
period for this river is from 2002 to 2004 and the validation period is from 2004 to 2006 since
the overlap of time series is between 2002 to 2006.
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River Po: The river Po is the longest river in Italy, rising in the Monte Viso group of the Cottian
Alps on Italy’s western frontier and discharging into the Adriatic Sea in the east after a course of
652 km (The Editors of Encyclopedia Britannica, 1999) with the average width of approximately
500 m in our study area. Figure 2.6 shows the river Po and corresponding study area.
Figure 2.6: The river Po and approximate study area
Figure 2.7 shows the defined four reaches along the river and corresponding in situ station
which is located in reach 1.
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Figure 2.7: The river Po and corresponding in situ station
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Water level, effective river width with corresponding uncertainties and discharge time series
are shown in Figures 2.8 and 2.9. As it evident from the figures, the data are quite noisy and
distinguishing the seasonal pattern of the river is not as easy as the river Niger and the level
of uncertainties are rather large in contrast to the river Niger. It should be noted that the river
is passing through urban regions and several manipulations for industrial and agricultural
purposes change the natural behaviour of the river and this would be the reason for corrupted
datasets.
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Figure 2.8: Left panel, effective river width time series for the river Po (2000-2016). Right panel, water level time series for the
river Po (1992-2016)
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Figure 2.9: River discharge time series for the river Po (2000-2014)
Additionally, correlation values between Q,H, and W are listed in Table 2.5, which highlight
poor correlations with respect to the river Niger. However, the correlation between Q and H
outperformed the values between Q and W in this case. Also first two reaches, mainly second
reach, show better results than third and fourth reach. This will effect the outcome of discharge
estimation which will be discussed.
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Table 2.5: Correlation coefficients between Q, H, W
for the river Po
Reach 1 2 3 4
Corr(H,Q) 0.73 0.74 0.74 0.75
Corr(W ,Q) 0.42 0.53 0.37 0.22
Corr(W ,H) 0.38 0.45 0.29 0.22
The scatter plots of the discharge-height and discharge-width are shown in Figure 2.10. Ev-
idently, a monotonic behaviour between discharge and height can be recognized, however, a
tidy pattern for the discharge-width data is not so obvious.
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Figure 2.10: Scatter plots of the discharge versus water level (top) and width (bottom) for four reaches of the river Po
The training period for this case is from 2000 to 2008 and the validation period from 2008 to
2014.
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Methodology
We have four main observations from the datasets: discharge Q, Height H, width W and slope
S. These observations are corrupted with errors. Therefore, applying simple least square solu-
tion without considering the errors in the observations, would not be a meaningful estimation.
Consequently, we should investigate an alternative approach for our estimation which consid-
ers inconsistencies on both sides of observation equation model (Q = f (H, W, S)). The suitable
adjustment model for this case is the mixed model or Gauss-Helmert model which was devel-
oped by Friedrich Robert Helmert.1.
3.1 Gauss-Helmert adjustment model
The Gauss-Helmert Model 2 (GHM) (Helmert, 1872) can be described as a combination of the
Gauss-Markov model and the adjustment with condition equations.
we assume n (which is the number of observations) possibly non-linear functional relationships
between one or more observation(s) and up to m parameters
g(`, x) != 0 (3.1)
where `n×1 is the vector of observation and xm×1 is the vector of parametrs. To linearize the
functional relationship (3.1), one has to split up the quantities
x˜ = x0 + δx (3.2)
˜` = `+ e = `− `0︸ ︷︷ ︸
δ`
+`0 + e = `0 + δ`+ e (3.3)
and choosing a Taylor point related to both, parameters and computed observation
z0 =
[
x0
`0
]
(3.4)
1Friedrich Robert Helmert (1843− 1917) was a German geodesist who introduced the Gauss-Helmert model in
his book ’Die Ausgleichungsrechnung nach der Methode der kleinsten Quadrate: mit Anwendungen auf die
Geodäsie und die Theorie der Messinstrumente’
2The concept and mathematical relationships in this section are extracted from (Roese-Koerner, 2015)
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Linearization using a Taylor series and the Taylor point (shown with 0) mentioned above yields
g( ˜` , x˜) = g(`0 + δ`+ e, x0 + δx)
= g(`, x)
∣∣∣∣
0︸ ︷︷ ︸
ω0
+∇` g(`, x)
∣∣∣∣
0
(δ`+ e)︸ ︷︷ ︸
BT
+∇x g(`, x)
∣∣∣∣
0
(δx)︸ ︷︷ ︸
A
= ω0 + BT(δ`+ e) + Aδx
= ω0 + BTδ`︸ ︷︷ ︸
ω
+BTe+ Aδx
= ω+ BTe+ Aδx = 0.
(3.5)
With the least-squares objective function
eTPe... subject to min, (3.6)
where P is the weight matrix.
The weighted least-squares adjustment in the Gauss-Helmert model can be stated
objective function: Φ(e) = eTPe... subject to min
constraints: BTe+ Aδx+ω = 0
optim. variable: e ∈ <n, δx ∈ <m
(3.7)
The corresponding Lagrangian reads
L(e, δx, k) = eTPv− 2kT(BTe+ Aδx+ω) (3.8)
Once again setting the gradients to zero yields the first order optimality conditions
∇eL(e, δx, k) = 2Pe− 2Bk != 0 (3.9)
∇δxL(v, δx, k) = −2ATk != 0 (3.10)
∇kL(e, δx, k) = −2(BTe+ Aδx+ω) != 0 (3.11)
leading to
e = P−1Bk (3.12)
ATk = 0 (3.13)
BTe+ Aδx+ω = 0 (3.14)
Inserting (3.12) in (3.2) yields
BTPBk+ Aδx+ω = 0 (3.15)
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In matrix vector notation, the normal equations (3.15) and (3.13) read[
BTP−1B A
AT 0
][
k
δx
]
=
[−ω
0
]
(3.16)
Solving this linear system yields an estimate δ̂x. x̂, v and ̂` can be computed using (3.2),(3.17)
and (3.18)
e = Ax̂− ̂` (3.17)
̂` = `+ e (3.18)
As this is a linearized form, iterations according to the Gauss-Newton method (Nocedal and
Wright., 1999) may be necessary. It can be shown that a unique solution exists if the design
matrix is of full rank
Rk(A) = m (3.19)
and the rank of composed matrix is equal to the number of constarints
Rk(
[
BT A
]
) = p (3.20)
The variance-covariance matrix (VCV) of the stimated parameters can be extracted from the
inverse of normal equation matrix (3.16).
3.1.1 Explicit implementation of Gauss-Helmert model
As a proof of concept, we explicitly employ Gauss-Helmert model on equation Q = a(H−H0)b
which is one the discharge models which will be assessed and discussed in next chapter 3.
f (a, b, H0,Q, H) = Q− a(H − H0)b = 0 (3.21)
Choosing Taylor points4 a0, b0, H00 , Q
0 and H0, Taylor series expansion is computed up to the
linear term for equation (3.21)
fi(a, b, H0, Qi, Hi) = fi(a0, b0, H00 , Q
0
i , H
0
i ) +
∂ fi
∂Qi
∣∣∣∣
0
(Qi −Q0i + eQi)+
∂ fi
∂Hi
∣∣∣∣
0
(Hi − H0i + eHi) +
∂ fi
∂a
∣∣∣∣
0
(a− a0) + ∂ fi
∂b
∣∣∣∣
0
(b− b0) + ∂ fi
∂H0
∣∣∣∣
0
(H0 − H00)
(3.22)
Reshaping elements, we have (the expanded version of the matrices and vectors will come in
next pages)
fi(a, b, H0, Qi, Hi) = fi(a0, b0, H00 , Q
0
i , H
0
i ) +
[
∂ fi
∂Qi
∣∣
0
∂ fi
∂Hi
∣∣
0
][δQi
δHi
]
︸ ︷︷ ︸
ω
+
[
∂ fi
∂Qi
∣∣
0
∂ fi
∂Hi
∣∣
0
]
︸ ︷︷ ︸
BT
[
vQi
vHi
]
+
[
∂ fi
∂a
∣∣
0
∂ fi
∂b
∣∣
0
∂ fi
∂H0
∣∣
0
]
︸ ︷︷ ︸
A
 δaδb
δH0
 (3.23)
3boldface letters refers to vectors and non-bold letters are scalars
4To avoid confusion with H0, Taylor points are shown with a "0" as superscript
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In order to obtain approximate values as Taylor point, we use least squares adjustment with
observation equation(Krumm, 2016)
Q = a(H − H0)b =⇒ log(Q) = log(a) + b log(H − H0) (3.24)
It should be mentioned that the initial value for H0 is retrieved from the minimum value of
water level time series and the scatter plot of the discharge-height and respective rating curve.
Assuming a′ = log(a), in matrix notation we havelog(Q1)...
log(Qn)

︸ ︷︷ ︸
y
=
1 log(H1 − H0)... ...
1 log(Hn − H0)

︸ ︷︷ ︸
A
[
a′
b
]
︸︷︷︸
x0
(3.25)
And the solution
x̂0 = (ATA)−1ATy (3.26)
Where a = x̂0(1) = ea
′
and b = x̂0(2).
Now we will have a detailed look at the matrices and vectors, followed by the solution.
Jacobian matrix A
An×3 =

∂ f1
∂a
∣∣
0
∂ f1
∂b
∣∣
0
∂ f1
∂H0
∣∣
0
...
...
...
∂ fm
∂a
∣∣
0
∂ fm
∂b
∣∣
0
∂ fm
∂H0
∣∣
0
 (3.27)
Matrix BT
BTn×2n =

∂ f1
∂Q1
∣∣
0 0 · · · 0
∂ f1
∂H1
∣∣
0 0 · · · 0
0 ∂ f2∂Q2
∣∣
0 · · · 0 0
∂ f2
∂H2
∣∣
0 · · · 0
...
...
. . .
...
...
...
. . .
...
0 0 · · · ∂ fn∂Qn
∣∣
0 0 0 · · ·
∂ fn
∂Hn
∣∣
0
 (3.28)
Vector of miscosures ω
ωn×1 =

f1(a0, b0, H00 , Q
0
1, H
0
1) +
[
∂ f1
∂Q1
∣∣
0
∂ f1
∂H1
∣∣
0
][δQ1
δH1
]
...
fn(a0, b0, H00 , Q
0
n, H0n) +
[
∂ fn
∂Qn
∣∣
0
∂ fn
∂Hn
∣∣
0
][δQn
δHn
]
 (3.29)
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The weight matrix P
P2n×2n =

1
σ2Q1
· · · · · · 0 · · · · · · · · · 0
0 1
σ2Q2
· · · 0 · · · · · · · · · ...
...
...
. . .
... · · · · · · · · · ...
0 0 · · · 1
σ2Qn
· · · · · · · · · ...
... · · · · · · · · · 1
σ2H1
0 · · · 0
... · · · · · · · · · 0 1
σ2H2
· · · 0
... · · · · · · · · · ... ... . . . ...
0 · · · · · · · · · 0 0 · · · 1
σ2Hn

(3.30)
Where σQi = 0.1 ·Qi.
And the solution will be obtained by an iterative sheme in order to sharpen Taylor point (Mat-
lab algorithm 3.1)[
BTn×2nP
−1
2n×2nB2n×n An×3
AT3×n 03×3
]
︸ ︷︷ ︸
n+3×n+3
[
kn×1
δx3×1
]
︸ ︷︷ ︸
n+3×1
=
[−ωn×1
03×1
]
︸ ︷︷ ︸
n+3×1
Iteration needed until−−−−−−−−−−−→
‖δ̂x‖<ε
(3.31)
[
kn×1
δx3×1
]
=
[
BTn×2nP2n×2nB2n×n An×3
AT3×n 03×3
]−1[−ωn×1
03×1
]
(3.32)
Estimated unknown parameters
δ̂x =
 δ̂aδ̂b
δ̂H0
 (3.33)
Adjusted original parameters (updated approximate values)
x̂ =
 âb̂
Ĥ0
 =
 a0 + δ̂ab0 + δ̂b
H00 + δ̂H0
 (3.34)
Estimated inconsistencies
ê2n×1 =
[
êQ1 · · · êQn êH1 · · · êHn
]T (3.35)
Adjusted observations
Ĥ = H − êH (3.36)
Q̂ = Q− êQ (3.37)
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As stated before, variance covariance matrix of unknown parameters can be extracted from the
inverse of normal equation or the following formula
Σ̂x = (AT(BTPB)−1A)−1 (3.38)
variance covariance matrix of adjusted unknown parameters
Σ̂x̂ = σ̂Σ̂x (3.39)
Where σ̂ is the posteriori variance of unit weight
σ̂ =
√
eTPe
n−m (3.40)
And the correlation matrix to realize the dependency of the parameters with respect to each
other
Rx̂ =
σ−1a 0 00 σ−1b 0
0 0 σ−1H0
Σ̂x̂
σ−1a 0 00 σ−1b 0
0 0 σ−1H0
 (3.41)
And estimated standard deviation for the discharge (validation data)
σQvi = AΣ̂x̂A
T (3.42)
Where A is the Jacobian matrix evaluated at adjusted unknown parameters and validation data
including H and respective σH
A =
[
∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
]
(3.43)
In detailed
σ2Qvi
=
[
∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
] σ2a σab σaH0σab σ2b σbH0
σaH0 σbH0 σ
2
H0


∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
 (3.44)
Since we have to consider the error of water level H in error propagation, the formulation will
be changed as follow
σ2Qvi
=
[
∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
∂ fi
∂Hvi
]
σ2a σab σaH0 σaHvi
σab σ
2
b σbH0 σbHvi
σaH0 σbH0 σ
2
H0 σH0 Hvi
σaHi σbHi σH0 Hi σ
2
Hvi


∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
∂ fi
∂Hvi
 (3.45)
However, we do not have information on the covariances of unknown parameters and H val-
ues, we assume them as zero
σ2Qvi
=
[
∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
∂ fi
∂Hvi
]
σ2a σab σaH0 0
σab σ
2
b σbH0 0
σaH0 σbH0 σ
2
H0 0
0 0 0 σ2Hvi


∂ fi
∂a
∂ fi
∂b
∂ fi
∂H0
∂ fi
∂Hvi
 (3.46)
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Table 3.1 summarizes the iterative scheme of the weighted least-squared Gauss-Helmert ad-
justment model in Matlab.
Table 3.1: Matlab algorithm: Iterative scheme of weighted least-squared adjustment in Gauss-Helmert model
Data:
`: vector of observations
Σ: VCV matrix of the observations
x0: initial approximate values for unknowns (Taylor point)
Results:
x̂: vector of adjusted unknown parameters
Σ̂x̂: VCV matrix of the unknown parameters
1 `0 = `
2 while
∣∣x̂∣∣> ε
3 δ` = `− `0
4 A =
[· · ·]n×3
5 BT = [· · · ]n×2n
6 ω =
[· · ·]n×1
7 K1 =
[
BTPB A
AT 0
]
8 k1 =
[−ω
0
]
9 L = K1 \ k1 \\L reperesents
[
k
δx
]
10 k = L(1 : n) \\vector containing Lagrange multipliers
11 δ̂x = L(n + 1 : n + 3)
12
∣∣δ̂x∣∣= ‖δ̂x‖
13 x̂ = x0 + δ̂x
14 e = P−1Bk
15 `0 = `+ e
16 end
17 Σ̂x = (AT(BTPB)A)−1
18 σ̂ =
√
eTPe
n−3
19 Σ̂x̂ = σ̂Σ̂x
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3.1.2 Performance metrics
For validating the estimated time series of river discharge, numerous performance metrics can
be evaluated. In hydrology, it is common to use correlation, the percentage bias (PBIAS)(Gupta
et al., 1999), and the Nash-Sutcliffe Efficiency (NSE)(Nash and Sutcliffe, 1970).
Correlation describes the level of common information content between two time series
rQinsQest =
n
∑
i=1
(Qinsi −Qins)(Qesti −Qest)√
n
∑
i=1
(Qinsi −Qins)2
n
∑
i=1
(Qesti −Qest)2
(3.47)
Where Qest and Qins are estimated and in situ discharge data respectively.
Percentage bias gives precise information about the relative difference between the long-term
means
PBIAS =
n
∑
i=1
(Qesti −Qinsi)
n
∑
i=1
Qinsi
= 1− Qest
Qins
(3.48)
Finally both metrics are summarized in the NSE coefficient
NSE = 1−
n
∑
i=1
(Qesti −Qinsi)2
n
∑
i=1
(Qesti −Qins)2
(3.49)
which is highly sensitive to the agreement in phase, amplitude, and mean between two data
sets. The NSE further represents the normalized mean squared error between e.g., an observed
and predicted time series (Lorenz et al., 2014). An efficiency of 1 (NSE = 1) corresponds to a
perfect match of estimated discharge to the validation data.The closer the model efficiency is
to 1, the more accurate the model is.
Besides the mentioned metrics, RMSE (Root Mean Square Error) is also evaluated.
RMSE =
√√√√√ n∑i=1(Qesti −Qins)2
n
(3.50)
RMS =
√√√√√ n∑i=1 Qinsi 2
n
(3.51)
The ratio of 100.RMSERMS indicates the error rate of the in situ data to the astimated as a percent-
age.
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Estimation of river discharge
4.1 Introduction to river discharge estimation
River discharge is the total volume of water flowing through a channel at any given point and
is measured in cubic meters per second. In general, the discharge is calculated by multiplying
the area of water in a channel cross-section by the average velocity of the water in that cross
section
Q = VA (4.1)
Where V is the average velocity and A the cross-sectional area. For a bankfull rectangular
cross-section river channel, discharge is calculated by
Q = VW(H − H0) (4.2)
where W is the river width, H is stage or water level and H0 is the zero flow height or river
bed’s height, consequently (H-H0) will be river depth D. Since we do not deal with such river
channels in reality, we should investigate alternative approaches to establish a relationship be-
tween discharge and related quantities such as H and W. Figure 4.1 shows different hydraulic
quantities which can be used for discharge calculation including Slope S.
A possible approach which has been done for this purpose is to record river discharge and stage
data with the gauging stations to measure these quantities. The discharge and stage are then
plotted to establish a so-called "stage-discharge relation" or "rating curve". Generally, periodic
measurements are needed to validate the stability of the rating and following the changes of
the rating. A rating curve between discharge-stage takes the general form (Rantz et al., 1982)
Q = a(H − H0)b (4.3)
Where the coefficients a and b depends on characteristics of the channel cross-section or reach.
A rating equation such as equation 4.3 is developed for a specific channel, cross-section or
reach, and would not be applicable to any other river location (Rantz et al., 1982; Bjerklie et al.,
2003).
As (Rantz et al., 1982) stated discharge ratings may be simple or complex depending on the
number of involved variables such as W or S.
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Figure 4.1: Different hydraulic variables
4.2 River discharge models
As expressed in the last section, we can establish rating equation with further hydraulic quan-
tities. In this section, we will assess eight more rating equations including (4.3). We divide the
models into experimental models and the hydraulic based models.
4.2.1 Experimental models
we assess four different experimental models. Step by step we increase the number of involved
observables (W, H and S) together with the number of unknown parameters to investigate the
performance of each model.
In the first experimental model (4.4), we use width data W in order to evaluate discharge and
we have to estimate two unknown parameters a and c
Q = aW c (4.4)
In the second model (4.5), we also consider the height H data to evaluate our model with same
number of unknown parameters as last model.
Q = a(W(H − H0))b (4.5)
Third model (4.6) includes W and H similar to the last model, although we assume a separate
exponent for each quantity. Therefore, we have to estimate three different unknown parameters
namely a, b and c.
Q = a(H − H0)bW c (4.6)
Model 4 (4.7) is similar to third model, however, we take slope S into account. This model has
the highest number of unknown paramters among all the models which will be assessed in this
study.
Q = a(H − H0)bW cSd (4.7)
4.2.2 Hydraulic based models
We will evaluate five different river discharge algorithms which have been established by hy-
drologists including the model (4.3).
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Model 6 (4.9) is developed by (Dingman and Sharma, 1997) based on Manning’s equation in
1997. The Manning’s equation (4.8) includes roughness factor which is a measure of the fric-
tional resistance exerted by the cahnnel on flow and its determination is not straightforward.
Q =
1
n
W(H − H0)1.67S0.5 (4.8)
(Dingman and Sharma, 1997) deveoped their model as a function of H, W and S with a rather
large dataset (N=520) where the need for the estimation of roughness factor is resolved. For
this model, we have to estimate a and H0 for each reach.
Q = aW1.17(H − H0)1.57S0.34 (4.9)
Seventh model (4.10) is also based on Manning’s equation (4.8). The model developed by
(Bjerklie et al., 2003) based on hydraulic data obtained from satellites data and more than a
1000 measurements of the discharge data ranging from 200000 to less than 1 m3s−1. Similar to
the last model, we need to estimate a which depends on the river reach and H0
Q = aW1.02(H − H0)1.74S0.35 (4.10)
Model 8 (4.11) is called Mean-Annual Flow and Geomorphology (MFG) which is developed
from conceptual approaches discussed in (Bjerklie et al., 2003),(Bjerklie et al., 2005) and (Ding-
man and Bjerklie, 2005). The model used the so-called wide-channel approximation, leading to
a form of Manning’s equation that approximates river depth as the difference between H and
H0 (Durand et al., 2016)
Q =
1
n
(H − H0)1.67S0.5 (4.11)
(Sichangi et al., 2016) developed model 9 (4.12) based on effective river width W and water
surface elevation H obtained from the data of multiple satellite altimetry, Moderate Resolution
Imaging Spectroradiometer (MODIS) and in situ measurements. The mentioned datasets used
to evaluate unknown parameters in a modified version of Manning’s equation.
Q = aW(H − H0)1.67 + b (4.12)
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4.3 Discharge estimation
4.3.1 Model 1
Model 1 translates the water level height into the discharge. For the implementation of the
Gauss-Helmert model, we distinguish two different cases to evaluate this model. In the first
case we assume H0 to be unknown and in the second case, it will be considered as known.
Q = a(H − H0)b
Applying the Gauss-Helmert model for the first case, unknown parameters a, b and H0 together
with their uncertainties are estimated. Estimated parameters are summarized in Tables 4.1 and
4.2. The VCV and correlation matrix in colormap presentation are shown in Figure 4.2 and
4.3
Table 4.1: Estimated parameters of model 1, case 1, for the river Niger
Reach a b H0
[ ] [m]
1 1.01±1.57 [m−0.58s−1] 3.58±0.54 300.45±0.94
2 0.83±1.35 [m−0.61s−1] 3.61±0.55 290.60±1.01
3 2.68±3.36 [m−0.36s−1] 3.36±0.46 287.07±0.73
4 3.98±4.89 [m−0.30s−1] 3.30±0.46 285.67±0.69
Table 4.2: Estimated parameters of model 1, case 1, for the river Po
Reach a b H0
[ ] [m]
1 41.5±38.1 [m2.23s−1] 1.77±0.34 9.97± 0.98
2 27.3±30.7 [m1.07s−1] 1.93±0.41 7.43±1.17
3 31.4±36.9 [m0.89s−1] 2.11±0.46 5.39± 1.01
4 29.3±32.3 [m1.03s−1] 1.97±0.41 2.63±1.08
As it can be seen form the tables and figures, for both rivers, the standard deviation of a (σa) in
almost all the cases is larger than the value of the estimated paramater. For other parameters
b and H0, the value of error is respectively small in comparison to σa. Also, for both rivers,
we observe a high correlation among estimated unknown variables. Overally a strong positive
correlation (r ≈ 1) between a and H0 and a strong negative correlation(r ≈ −1) between the
pairs a and b, b and H0 can be observed.
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Figure 4.2: Model 1, case 1, covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.3: Model 1, case 1, covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Considering the residulas namely eQ and eH and computing the adjusted values for H and Q
using equations (3.36) and (3.37), Figure 4.4 and 4.5 show the initial observations together with
adjusted observations and corresponding rating curve for the Niger and Po.
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Figure 4.4: Model 1: Initial and adjusted observations and corresponding rating curve for the river Niger
28 Chapter 4 Estimation of river discharge
12 14 16 18 20 22
0
1000
2000
3000
4000
reach 1
Initial observations
Adjusted Observations
Rating curve
10 12 14 16 18 20
0
1000
2000
3000
4000
reach 2
6 8 10 12 14 16
H [m]
0
1000
2000
3000
4000
Q 
[m
3 /s
]
reach 3
4 6 8 10 12 14
0
1000
2000
3000
4000
reach 4
Figure 4.5: Model 1: Initial and adjusted observations and corresponding rating curve for the river Po
Performance metrics for the first case where H0 is assumed to be unknown are summarized
in Tables 4.3 and 4.4 . Roughly the results are similar for each river along four reaches. For
the case of the Po, a high correlation between estimated discharge and measured discharge can
be seen, however, the NSE is quite poor. On the other hand, for the Niger, we observe high
correlation together with NSE which shows a reasonable agreement between measured and
estimated discharge. It can be seen that the outcome for the Niger outperformed the results for
the Po.
Table 4.3: Performance metrics of model 1, case 1,
for the river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.95 28 0.87 13
2 0.95 28 0.87 13
3 0.95 27 0.88 12
4 0.95 27 0.88 12
Table 4.4: Performance metrics of model 1, case 1,
for the river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.79 38 0.28 27
2 0.79 37 0.29 26
3 0.80 36 0.34 26
4 0.81 36 0.33 27
In the second case, we reduce the number of unknowns to two parameters, namely a and b, and
H0 considered to be known. This will lead to a huge decrease in values of VCV matrix. For the
Niger, the values of VCV reached below ±0.1. For the Po, all elements are below ±0.5, except
σa, although it shows tremendous reduction with respect to first case. Estimated parameters
are shown in Tables 4.5 and 4.6 and the VCV’s are shown in Figures 4.6 and 4.7
Table 4.5: Estimated parameters of model 1, case 2,
for the river Niger
Reach a b
[ ]
1 1.97±0.29 [m−0.58s−1] 3.53±0.07
2 0.43±0.07 [m−0.17s−1] 3.83±0.08
3 1.81±0.25 [m−0.50s−1] 3.50±0.07
4 1.59±0.22 [m−0.36s−1] 3.64±0.08
Table 4.6: Estimated parameters of model 1, case 2,
for the river Po
Reach a b
[ ]
1 80.6±6.6 [m1.48s−1] 1.52±0.05
2 170.2±10.8 [m1.67s−1] 1.23±0.04
3 70.8±5.9 [m1.23s−1] 1.77±0.05
4 77.6±6.4 [m1.61s−1] 1.59±0.05
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The diagram of initial and adjusted observations are similar to the first case (not shown here).
Performance metrics for the second case are summarized in Tables 4.7 and 4.8. The results are
approximately similar to the first case.
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Figure 4.6: Model 1, case 2, covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.7: Model 1, case 2, covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Table 4.7: Performance metrics of model 1, case 2,
for the river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.95 28 0.87 13
2 0.95 28 0.87 13
3 0.95 27 0.88 12
4 0.95 27 0.88 12
Table 4.8: Performance metrics of model 1, case 2,
for the river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.78 38 0.27 27
2 0.79 37 0.33 26
3 0.80 36 0.33 26
4 0.81 36 0.31 27
Figures 4.8 and 4.9 shows the results of estimated discharge together with its uncertainty (σQ)
computed by the (3.42). For the Niger where we have less noisy data, estimated discharge
30 Chapter 4 Estimation of river discharge
follows the trend of measured data properly. On the other hand, for the Po, although in general
the trend is captured, at high peaks the algorithm has underestimated discharge.
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Figure 4.8: Model 1, case 1: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation
period: 2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period:
2008-2014)
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Figure 4.9: Model 1,case 2: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
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4.3.2 Model 2
In the model 2, we only consider effective river width to estimate the discharge. Similar to the
first model, we deal with two unknown parameters namely a and c. Implementing the Gauss-
Helmert model, unknown parameters and their uncertainty are evaluated for the second to
fourth reaches of the Niger. Due to poor correlation between Q and W for the first reach of the
Niger and all the reaches of the Po, the Gauss-Helmert model does not converge. Therefore,
least square adjustment applied to estimate unknown parameters with the assumption that Q
and W are error free.
Q = aW c
Estimated parameters a and c and the VCV matrix of unknown parameters a and c are shown
in Tables 4.9 and 4.10 and Figures 4.10 and 4.11.
Table 4.9: Estimated parameters of model 2 for the river Niger
Reach a c
[ ]
1 127 · 105±0.2 [m3s−1km1.5] −1.48±1.50
2 3.8±1.3 [m3s−1km−16.7] 16.72±0.84
3 253.1±14.7 [m3s−1km−6.5] 6.54±0.19
4 383.7±18.7 [m3s−1km−5.3] 5.32±0.13
Table 4.10: Estimated parameters of model 2 for the river Po
Reach a c
[ ]
1 1 · 103 ±0.1 [m3s−1km−1.2] 1.18±0.12
2 2 · 103 ±0.1 [m3s−1km−1.8] 1.78±0.21
3 1 · 103 ±0.1 [m3s−1km−1.4] 1.44±0.16
4 1 · 103 ±0.1 [m3s−1km−0.9] 0.98±0.14
For the case of the Niger, the values of VCV for the second reach are much smaller than third
and fourth reaches. For the first reach of the Niger and all the reaches of Po, the values are
very small as we use errorless discharge and width data. Also, we can observe a positive high
correlation (r = 1) between a and c for all reaches of both rivers.
Considering the residuals namely eQ and eW and computing the adjusted values for W and Q
for the second to fourth reaches of the Niger, Figure 4.12 show the initial observations together
with adjusted observations and corresponding rating curve for the Niger.
32 Chapter 4 Estimation of river discharge
Reach 1
a c
a
c
0
100
200
300
Reach 2
a c
a
c
0
100
200
300
Reach 3
a c
a
c
0
100
200
300
Reach 4
a c
a
c
0
100
200
300
a c
a
c
-1
-0.5
0
0.5
1
a c
a
c
-1
-0.5
0
0.5
1
a c
a
c
-1
-0.5
0
0.5
1
a c
a
c
-1
-0.5
0
0.5
1
Figure 4.10: Model 2, Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.11: Model 2, Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
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Figure 4.12: Model 2: Initial and adjusted observations and corresponding rating curve for the river Niger
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Performance metrics are summarized in Tables 4.11 and 4.12. In general, we can observe better
performance for the Niger with respect to Po. Obviously, the results for the second to fourth
reaches of the Niger outperforms the results of its first reach and the Po’s reaches which indicate
the problem of correlativity of Q and W as mentioned before.
Table 4.11: Performance metrics of model 2 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.36 78 0.05 −20
2 0.96 21 0.93 4
3 0.97 19 0.94 2
4 0.94 29 0.87 4
Table 4.12: Performance metrics of model 2 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.34 50 −0.27 31
2 0.49 47 −0.14 30
3 0.25 49 −0.24 27
4 0.14 52 −0.41 32
Estimated discharge and corresponding uncertainties are shown Figure 4.13. Having negative
correlation between Q and W (r = −0.28) caused the mismatch between estimated discharge
and the measured data for the first reach of the Niger. Other reaches follow the measured dis-
charge behaviour, although, for the fourth reach during high peaks, we can observe significant
differences. Also the same is true for the Po which the general trend tracks the in situ data, but
not so good for the high peaks.
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Figure 4.13: Model 2: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
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4.3.3 Model 3
The model 3 which is an experimental model combines water level and effective river width
time series to estimate the discharge. We also deal with two unknown parameters a and b anal-
ogous to two last model. Applying the Gaus-Helmert model, unknown parameters together
with their uncertainties are evaluated. It should be mentioned that the model did not converge
when we considered H0 as the third unknown parameter. The value of H0 is extracted from
rating curve between discharge and height.
Q = a(W(H − H0))b
Estimated unknown parameters are summarized in Tables 4.13 and 4.14 and the VCV and cor-
relation matrices are shown in Figures 4.14 and 4.14. For the Niger, elements of VCV for the
second reach, where we have discharge data, are the smallest among other reaches and the
fourth reach which is the furthest reach with respect to the second one, has the highest values
among all. For the Po, the values are fairly large for all reaches and specific pattern can not be
distinguished. Similar to model 2, a high positive correlation (r = 1) between a and b can be
noted.
Table 4.13: Estimated parameters of model 3 for the river Niger
Reach a b
[ ]
1 24.1±3 [m0.68s−1km−2.32] 2.32±0.05
2 21.3±2 [m0.94s−1km−2.06] 2.06±0.04
3 51.1±3 [m1.19s−1km−1.81] 1.81±0.03
4 65.1±4 [m1.26s−1km−1.74] 1.74±0.03
Table 4.14: Estimated parameters of model 3 for the river Po
Reach a b
[ ]
1 263.1±12 [m2.8s−1km−1.2] 1.19±0.04
2 304.7±12 [m2.2s−1km−1.4] 1.38±0.05
3 293.2±11 [m1.5s−1km−1.5] 1.50±0.05
4 292.9±12 [m1.6s−1km−0.4] 1.40±0.05
Tables 4.15 and 4.16 shows the performance metrics of the rivers. For the Niger, all the reaches
show proper results with approximately same values. The second reach of the Po shows better
results in contrast to other reaches and the reason as mentioned before would be the location
of the in situ station which is in the second reach.
Evaluated discharge and respective errors are shown in Figure 4.16. For both cases, we observe
fine results in both low and high peaks which indicate the combination of height and width
data will lead to better performance in the results. Furthermore, the level of the uncertainties
is quite reasonable for the rivers except for third and fourth reaches of the Po.
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Figure 4.14: Model 3: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.15: Model 3: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
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Figure 4.16: Model 3: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
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Table 4.15: Performance metrics of model 3 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.96 24 0.91 2
2 0.96 23 0.91 8
3 0.97 21 0.93 8
4 0.98 20 0.93 8
Table 4.16: Performance metrics of model 3 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.74 33 0.46 11
2 0.82 29 0.59 6
3 0.73 36 0.33 1
4 0.70 34 0.37 2
Analysis of the residuals: In this part, we analyze the adjusted observations and residuals
namely eQ, eW and eH. Figure 4.17 and 4.18 show the adjusted and initial observations.
As it can be seen from the figures, distinguishing a rating curve for the adjusted observations -
similar to the model 1 and 2 where we deal solely with one parameter (W or H) - is not possible
since finding a 2D mathematical relationship between pairs of parameters is not obvious. This
is shown in the Figure 4.19 where initial and adjusted observations of the second reach of the
Niger for the pairs of parameters (W,Q), (H,Q) and (H,W) are displayed.
For the pair (H,Q), we can observe that adjusted values are less scattered with respect to initial
observations. On the other hand, for the width diagrams, adjusted values are much more
dispersed in contrast with initial observation and the reason is the level of error (σW) for the
width data.
We experiment three different scenarios on the errors (σW , σQ, σH) individually. In the first
experiment, we consider the σW five times smaller than the original values. We reach a less
scattered pattern for the width diagram data and even the height data, this is shown in Figure
4.20 . Tables 4.17, 4.18, 4.19 and 4.20 show the RMS ratio of the residuals with respect to obser-
vations. As it can be read from the tables, the ratio for width data becomes much smaller after
reduction of σW , although it has a diverse effect on the residuals of Q where they become larger
with respect to the first scenario for both rivers.
The second experiment is the reduction of σQ from 0.1Q to 0.02Q. The results are summarized
in the Tables 4.21 and 4.22. A huge reduction in the ratios of Q is obvious, while the ratio for W
becomes larger although it is not as strong as the first scenario. In both experiments, the ratios
for H do not change significantly with reduction in σW or σQ.
In the last test, we consider σH five times smaller than the original values. The results are shown
in Tables 4.21 and 4.22. Similar to last scenarios, the residual ratios of the decreased parameter
(here σH) becomes significantly smaller with respect to the original ratios. A small increase in
the ratios of the other parameters (Q and W) is visible.
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Figure 4.17: Model 3: Initial and adjusted observations for the river Niger
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Figure 4.18: Model 3: Initial and adjusted observations for the river Po
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Figure 4.19: Model 3: Initial and adjusted observations of different parameters for the second reach of the river Niger
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Figure 4.20: Model 3: Initial and adjusted observations of different parameters for the second reach of the river Niger with
reduction of the σW
Table 4.17: RMS ratio of the residuals with respect to
observations for the river Niger
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 6.44 0.03 9.93
2 12.31 0.03 6.58
3 8.10 0.03 4.98
4 9.14 0.03 6.37
Table 4.18: RMS ratio of the residuals with respect to
observations for the river Po
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 13.49 2.09 21.56
2 5.10 1.68 20.69
3 1.94 1.56 21.63
4 4.5 2.33 26.36
Table 4.19: RMS ratio of the residuals with respect to
observations for the river Niger after reduction of σW
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 17.48 0.06 1.95
2 19.09 0.05 0.94
3 13.21 0.04 0.45
4 14.22 0.04 0.95
Table 4.20: RMS ratio of the residuals with respect to
observations for the river Po after reduction of σW
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 36.09 3.74 3.69
2 25.29 3.38 8.28
3 21.94 3.52 9.94
4 30.95 6.03 10.96
Table 4.21: RMS ratio of the residuals with respect to
observations for the river Niger after reduction of σQ
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 0.37 0.03 11.85
2 1.09 0.05 9.88
3 0.78 0.04 8.72
4 0.96 0.03 9.29
Table 4.22: RMS ratio of the residuals with respect to
observations for the river Po after reduction of σQ
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 0.43 2.11 26.03
2 0.21 1.64 22.38
3 0.08 1.55 22.39
4 0.17 2.26 27.87
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Table 4.23: RMS ratio of the residuals with respect to
observations for the river Niger after reduction of σH
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 6.63 0.004 10.91
2 12.99 0.003 7.35
3 8.46 0.004 5.61
4 9.51 0.001 7.16
Table 4.24: RMS ratio of the residuals with respect to
observations for the river Po after reduction of σH
Reach RMS(eQ)RMS(Q)
RMS(eH)
RMS(H)
RMS(eW)
RMS(W)
[ ] [ ] [ ]
1 13.46 0.51 23.56
2 5.19 0.43 22.13
3 2.02 0.38 22.91
4 4.50 0.52 27.70
Estimated residuals for the second reach of the Niger and Po are shown in Figure 4.21 and
4.22. For more clearance on the interpretation, the time series of the original and adjusted
observations Q, H and W are shown below the residuals diagram. As it can be seen from the
figures, for the discharge data, the residuals become much larger when the diagram is reaching
a high peak. In other words, to achieve adjusted observations, the original in situ observations
needs to get more corrections during the high picks. In contrast, for the moderate peaks e.g.
for the case of the river Po, the values of residuals is respectively small. Nevertheless, the
adjusted in situ data follow the behaviour of the adjusted values in a perfect way for both
rivers (corr(Q, Q̂) = 0.99)
For the height data, although the values of residuals are quite small (below±0.5 m), we can ob-
serve same behaviour as discharge. During the peaks, we notice the noisy pattern for the Niger
where we can distinguish the seasonal pattern. Similarly, for both rivers, adjusted observations
have a good match with original height data (corr(H, Ĥ) = 0.99).
For the width data, the residual pattern is much noisier in comparison to last two cases. The
possible reason would be the high values of uncertainties in the original observations. For
instance, the average width of the second reach is approximately 600 m with the error of 200 m.
For the Po, the adjusted and original values have the correlation of 0.20 whereas, for the Niger,
the value is around 0.70.
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Figure 4.21: Model 3: Estimated residuals (top) and adjusted and original observations (bottom) of the second reach of the
Niger
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Figure 4.22: Model 3: Estimated residuals (top) and adjusted and original observations (bottom) of the second reach of the Po
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4.3.4 Model 4
Similar to model 3, model 4 combines W and H to evaluate discharge, however, each parameter
has its own exponent. Increasing the number of unknown parameters with regard to the last
model and implementing Gauss-Helmert model, convergence is achieved for the second to the
fourth reach of the Niger. For the first reach of the Niger and all the reaches of the Po, the least
square solution applied. Estimated unknown parameters a, b and c are summarized in tables
4.25 and 4.26
Q = a(H − H0)bW c
Table 4.25: Estimated parameters of model 4 for the river Niger
Reach a b c
[ ] [ ]
1 7.6±0.1 [m−3.7s−1km−95.9] 2.86±0.06 −0.54±0.37
2 3.8±1.3 [m3.2s−1km−17.6] −0.15±0.55 17.55±3.18
3 101±25 [m2.26s−1km−5.1] 0.74±0.19 5.02±0.42
4 645±332 [m3.4s−1km−5.9] −0.38±0.38 5.93±0.63
Table 4.26: Estimated parameters of model 4 for the river Po
Reach a b c
[ ] [ ]
1 12.70±0.57 [m1.59s−1km−0.30] 1.41±0.06 0.30±0.09
2 1.98 ±0.86 [m1.57s−1km−0.60] 1.43±0.06 0.60±0.13
3 2.65±0.69 [m1.38s−1km−0.53] 1.62±0.06 0.53±0.11
4 28.1 ±0.6 [m1.47s−1km−0.17] 1.53±0.06 0.17±0.09
The VCV and correlation matrices are shown in Figures 4.23 and 4.24. For the first reach of the
Niger, the VCV elements are remarkably small and near to zero. On the other hand, the second
reach shows better results than the third and fourth reaches where the Gauss-Helmert model
applied. Also, it can be seen from the Figure that the correlation between variables is quite
high, except the pairs a, b and b, c for the first reach and a and c for the third reach. For the
case of the Po, since we apply the least square solution and consider Q, H and W error free,
VCV elements are small. Furthermore, we observe a strong negative correlation (r = −0.99)
between a and c for all cases. Nevertheless, the correlation among other variables is relatively
low.
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Figure 4.23: Model 4: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.24: Model 4: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Performance metrics are summarized in Table 4.27 and 4.28. Almost all reaches for the Niger
show similar behaviour, however, the third reach shows better results with respect to others.
Also for the Po, we can observe similar values for all reaches.
Table 4.27: Performance metrics of model 4 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.95 28 0.88 9
2 0.96 22 0.92 3
3 0.98 17 0.95 4
4 0.98 32 0.84 2
Table 4.28: Performance metrics of model 4 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.79 36 0.34 25
2 0.81 34 0.40 24
3 0.80 35 0.40 23
4 0.81 35 0.35 25
Estimated discharge and respective uncertainties are shown in Figure 4.25. Similar to the model
3, estimated discharge for both cases, follows the in situ data much better than the models
containing only H or W. For the second and third reach of the Niger, which we apply Gauss-
Helmert model, estimated discharge shows better performance for the high peaks, however,
the level of uncertainty is rather large comparable to first and last reach.
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Figure 4.25: Model 4: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
4.3.5 Model 5
This model–which is also an experimental model–includes an extra parameter namely slope
of the river leading to an extra unknown parameter comparable to the previous model. Im-
plementing the Gauss-Helmert model, unknown parameters a, b, c and d and respective un-
certainties estimated for second to fourth reaches of the Niger. Similar to the last model, the
Gauss-Helmert does not converge for the first reach and all the reaches of the Po. Consequently,
the least square solution applied to evaluate unknown parameters.
Q = a(H − H0)bW cSd
Estimated parameters are shown in Table 4.29 and 4.30
Table 4.29: Estimated parameters of model 5 for the river Niger
Reach a b c d
[ ] [ ] [ ]
1 3·1033±26 [m1.5s−1km1.3] 1.52±0.48 −1.30±0.48 −78.1±27.6
2 15.1±22 [m3.7s−1km−16.7] −0.68±0.96 16.75±3.02 3.39±4.36
3 64.9±21.5 [m2.2s−1km−5.3] 0.85±0.21 5.26±0.44 −1.47±0.55
4 577.1±319 [m3.4s−1km−6.1] −0.38±0.39 6.10±0.66 −0.52±0.51
The VCV and correlation matrices are shown in Figures 4.26 and 4.27. For the Niger, the values
of the uncertainties are quite large with respect to estimated parameters. For the Po, since we
apply simple least squares method, the values of VCV are quite small. Generally we can not
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Table 4.30: Estimated parameters of model 5 for the river Po
Reach a b c d
[ ] [ ] [ ]
1 187.1±0.3 [m1.57s−1km−0.24] 1.43±0.06 0.24±0.09 −0.25±0.09
2 281.1±0.5 [m2.09s−1km−0.43] 0.91±0.46 0.43±0.15 1.49±1.31
3 690.7±0.5 [m1.90s−1km−0.48] 1.10±0.19 0.48±0.11 −1.11±0.4
4 294.1±0.4 [m1.97s−1km−0.16] 1.03±0.19 0.16±0.11 −1.18±0.4
observe a special pattern for correlation among variables, however, a strong negative correla-
tion between a and b for the Niger and a strong positive correlation between a and c can be
noticed.
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Figure 4.26: Model 5: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.27: Model 5: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Performance metrics are summarized in Tables 4.31 and 4.32. As it is expected, the second and
third reach of the Niger shows better performance in comparison to other reaches and for the
Po, the values are approximately similar to each other.
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Table 4.31: Performance metrics of model 5 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.85 42 0.71 6
2 0.96 23 0.92 0
3 0.98 17 0.95 4
4 0.91 33 0.83 2
Table 4.32: Performance metrics of model 5 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.86 30 0.41 23
2 0.82 35 0.38 25
3 0.81 33 0.43 22
4 0.80 35 0.37 24
Estimated discharge and uncertainties are shown in Figure 4.28. We can observe huge error for
the first reach of the Niger. The reason would be negative correlation values between discharge-
width (r = −0.28), discharge-height (r = −0.43) and discharge-slope (r = −0.80).
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Figure 4.28: Model 5: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
4.3.6 Model 6
Model 6 is developed by Dingman and Sharma (Dingman and Sharma, 1997). They showed
that for a wide range of rivers, discharge can be estimated using the following relationship
based on measurements over 128 rivers (Bjerklie et al., 2003). The advantage of this model
with respect to previous models is having fixed numbers as exponents which helps the Gauss-
Helmert model to converge easier with less iteration steps for all the reaches of both rivers.
Q = aW1.17(H − H0)1.57S0.34
46 Chapter 4 Estimation of river discharge
Implementing the Gaus-Helmert, unknown parameters a and H0 estimated together with their
uncertainties. Estimated parameters are shown in Table 4.33 and 4.34. It should be noted that
for the first reach of the Niger where we have the poorest correlation (r = 0.28), the convergence
of the adjustment is dependent on the estimation of the initial values namely a. Having the
exponential function W1.17 in the model will increase the role of W in the estimation. Therefore
to estimate the approximate value for a, the exponent of W is considered to be one.
Table 4.33: Estimated parameters of model 6 for the
river Niger
Reach a H0
[m0.26s−1] [m]
1 0.71±0.02 303.47±0.04
2 0.61±0.02 293.51±0.05
3 0.82±0.03 289.12±0.04
4 0.90±0.03 287.33±0.04
Table 4.34: Estimated parameters model 6 for the
river Po
Reach a H0
[m0.26s−1] [m]
1 0.48±0.04 9.28±0.31
2 0.57±0.04 7.31±0.24
3 1.34±0.07 6.54±0.11
4 1.00±0.07 3.53±0.17
The VCV of estimated parameters are shown in Figures 4.29 and 4.30. Evidently reducing the
number of unknown parameters and not having the unknowns as the exponents will decrease
the uncertainties tremendously. Furthermore, we can observe a strong positive correlation be-
tween a and H0 in both rivers.
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Figure 4.29: Model 6: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
Performance metrics are shown in Tables 4.35 and 4.36. For the case of the Niger, the results
are almost similar to each other for all reaches.For the second reach of the Po, we can observe
better performance with respect to other reaches and the reason would be the location of in situ
station in the second reach.
Table 4.35: Performance metrics of model 6 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.96 27 0.89 6
2 0.96 27 0.88 10
3 0.97 23 0.92 9
4 0.97 21 0.93 7
Table 4.36: Performance metrics of model 6 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.76 29 0.46 12
2 0.82 29 0.58 16
3 0.74 32 0.49 9
4 0.70 34 0.44 11
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Figure 4.30: Model 6: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Estimated discharge and uncertainties are shown in Figure 4.31. Clearly level of the error de-
creased comparable to last models. For the case of the Po, the uncertainties are much larger
with respect to the Niger since the correlation value between Q and W is relatively small for
this river.
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Figure 4.31: Model 6: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
4.3.7 Model 7
The model 7 is similar to the model 6 in terms of the involved quantities (Q, W and S) and the
number of unknown parameters (a and H0), however, the exponents are slightly different in
contrast to this model. Model 7 is derived by (Bjerklie et al., 2003) based on the hydraulic data
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from discharge measurements over 102 rivers in U.S. and New Zealand (Bjerklie et al., 2003).
Implementing the Gaus-Helmert, unknown parameters a and H0 estimated together with their
uncertainties.
Q = aW1.02(H − H0)1.74S0.35
Estimated unknown parameters and the VCV’s are shown in Tables 4.37 and 4.38 and Figures
4.32 and 4.33. Comparing the estimated parameters with respect to model 6, a difference of
approximately below ±0.5 m is observable between values of H0.
Table 4.37: Estimated parameters of model 7 for the
river Niger
Reach a H0
[m0.24s−1] [m]
1 1.56±0.07 303.28±0.08
2 1.38±0.06 293.28±0.08
3 1.91±0.08 289.97±0.07
4 2.09±0.08 287.20±0.08
Table 4.38: Estimated parameters of model 7 for the
river Po
Reach a H0
[m0.24s−1] [m]
1 0.91±0.08 8.81±0.32
2 1.01±0.07 6.82±0.26
3 2.80±0.17 6.28±0.12
4 1.98±0.14 3.21±0.18
Similar to model 6, the level of uncertainties are quite small for both rivers and all reaches.
Besides a strong positive correlation (r > 0.95) can be observed between a and H0
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Figure 4.32: Model 7: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
Tables 4.39 and 4.40 show the performance metrics of the rivers. Since the exponents of the
model 7 are approximately similar to model 6, the results of these two models are similar to
each other, although for the Po, the NSE values slightly outperformed than model 6.
Evaluated discharge and the uncertainties is shown in Figure 4.34. Similar to performance
metrics, the results are similar to model 6.
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Figure 4.33: Model 7: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Table 4.39: Performance metrics of model 7 for the river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.96 27 0.89 8
2 0.96 27 0.88 10
3 0.97 23 0.92 10
4 0.97 22 0.93 9
Table 4.40: Performance metrics of model 7 for the river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.79 28 0.51 13
2 0.82 29 0.58 16
3 0.76 31 0.53 10
4 0.73 32 0.48 11
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Figure 4.34: Model 7: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
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4.3.8 Model 8
Among all the discussed models, model 8 is the only model where we deal with Manning’s
roughness coefficient. Dissimilar to two last models, we consider H0 as known variable in
order to estimate the roughness coefficient.
Q =
1
n
(H − H0)1.67WS0.5
In which n is the Manning’s roughness coefficient.
In the computation process, first, the values of n are calculated from the (MFG) model as a
reverse function of Q, W, H and S
n =
(H − H0)1.67WS0.5
Q
(4.13)
Then the coefficients c0 and x are calculated for the training period (Durand et al., 2016)
n = c0n0
(
HW
H¯W¯
)x
(4.14)
Where n0 is estimated from the mean slope as (Durand et al., 2016)
n0 = 0.22S¯0.18 (4.15)
Having c0 and x, computing n0 from (4.15) and inserting in (4.14),values of n are estimated for
the validation period data and finally we can estimate discharge. To get an impression of the
magnitude of the estimated parameters c0, x and n0 and their respective standard deviation,
Tables 4.41 summarizes the results
Table 4.41: Estimated parameters of model 8 for the river Niger
Reach c0 x n0
[ ] [ ] [mm ]
1 4.42±0.17 0.52±0.54 0.05±2·10−5
2 4.11±0.08 −0.04±0.28 0.04±3·10−5
3 3.03±0.06 −1.14±0.11 0.04±6·10−5
4 2.73±0.05 −0.88±0.09 0.04±7·10−5
Table 4.42: Estimated parameters of model 8 for the river Po
Reach c0 x n0
[ ] [ ] [mm ]
1 2.06±0.04 1.17±0.08 0.04±3·10−4
2 1.86±0.04 1.34±0.10 0.05±2·10−4
3 1.30±0.02 0.64±0.08 0.04±3·10−4
4 1.59±0.03 0.82±0.06 0.04±3·10−4
Performance metrics of the rivers are shown in Tables 4.43 and 4.44
Table 4.43: Performance metrics of model 8 for the river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.95 38 0.77 11
2 0.97 21 0.93 −10
3 0.98 18 0.95 −7
4 0.98 17 0.95 −5
Table 4.44: Performance metrics of model 8 for the river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.84 28 0.60 16
2 0.79 35 0.47 20
3 0.79 33 0.52 16
4 0.78 37 0.39 21
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Estimate discharge and corresponding uncertainties are shown in Figure 4.35. Again we can
recognize poor results for the first reach of the Niger, especially during the high peaks. Never-
theless, for the other reaches and the Po, the results are consistent for low and high peaks.
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Figure 4.35: Model 8: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
4.3.9 Model 9
Model 9 is developed by (Sichangi et al., 2016) is applicable for the river with the width higher
than 800 m. The discharge is approximated by the following formula for rectangular and trape-
zoid cross-sections for wide rivers (W  (H − H0)) (Sichangi et al., 2016):
Q ≈ S
1/2
n
W(H − H0)5/3 (4.16)
Therefore Q is proportional to W(H − H0)5/3 and we have
Q = aW(H − H0)1.67 + b
where a is the linear coefficient and b accounts for all the approximation in the model (Sichangi
et al., 2016).
Applying Gauss-Helmert model, unknown parameters a and b together with uncertainties are
estimated. It should be noted that considering H0 as the unknown parameter do not lead to
convergence of the model. Estimated parameters are shown in Table 4.45 and 4.46
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Table 4.45: Estimated parameters of model 9 for the
river Niger
Reach a b
[m0.33s−1] [ ]
1 0.11±0.003 −24.45±15
2 0.07±0.002 −39.42±16
3 0.09±0.002 −17.82±12
4 0.10±0.002 −45.87±14
Table 4.46: Estimated parameters of model 9 for the
river Po
Reach a b
[m0.33s−1] [ ]
1 0.06±0.003 −215.76±41
2 0.10±0.004 −400.44±46
3 0.16±0.005 −110.67±27
4 0.12±0.005 −119.30±31
The VCV and correlation matrix are shown in Figure 4.36 and 4.37. For the Niger, we can
observe a strong negative correlation (r ≈ −0.6) between a and b for all reaches and for the Po,
a stronger negative correlation (r ≈ −0.90) can be seen.
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Figure 4.36: Model 9: Covariance (top) and correlation (bottom) matrix of the parameters for the river Niger
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Figure 4.37: Model 9: Covariance (top) and correlation (bottom) matrix of the parameters for the river Po
Performance metrics are shown in Tables 4.47 and 4.48. The model performs well for all the
reaches of the Niger even though the first reach has inaccurate data.
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Table 4.47: Performance metrics of model 9 for the
river Niger
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.96 27 0.89 6
2 0.96 27 0.88 11
3 0.97 24 0.91 10
4 0.97 22 0.92 9
Table 4.48: Performance metrics of model 9 for the
river Po
Reach Corr. RMSE NSE Bias
[ ] [%] [ ] [%]
1 0.75 32 0.47 12
2 0.81 28 0.59 8
3 0.77 31 0.51 4
4 0.75 31 0.51 6
Estimated discharge and uncertainties are shown in Figure 4.38
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Figure 4.38: Model 9: Left panel, discharge estimation for the river Niger (Training period: 2002-2004, validation period:
2004-2006) Right panel, discharge estimation for the river Po (Training period: 2002-2008, validation period: 2008-2014)
4.4 Comparison of the discharge models
In this section, we analyze and compare the obtained results for different models. Tables 4.49
and 4.50 show the average value of the performance metrics of all four reaches of both rivers
together with estimated standard deviation of the discharge.
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Table 4.49: Averaged performance metrics of all the models for
the river Niger
Model Corr. RMSE NSE Bias σQ
[ ] [%] [ ] [%] [m3s−1]
1 0.95 28 0.87 13 52
2 0.80 37 0.70 −3 426
3 0.97 22 0.92 7 109
4 0.97 25 0.90 5 385
5 0.93 29 0.85 3 502
6 0.97 25 0.91 8 79
7 0.97 25 0.91 9 78
8 0.97 24 0.90 −3 114
9 0.97 25 0.90 9 75
Table 4.50: Averaged performance metrics of all the models for
the river Po
Model Corr. RMSE NSE Bias σQ
[ ] [%] [ ] [%] [m3s−1]
1 0.80 37 0.31 27 123
2 0.31 50 −0.27 30 384
3 0.75 33 0.44 5 554
4 0.80 35 0.37 24 546
5 0.82 33 0.40 24 522
6 0.76 31 0.49 12 450
7 0.78 30 0.53 13 402
8 0.80 33 0.50 18 519
9 0.77 31 0.52 8 468
Figure 4.39 shows the mean uncertainties σQ over four reaches of the Niger. Regarding the
uncertainties of the models, for the river Niger, as it can be observed from the table and figure,
all the experimental model–except model 3–show high values of uncertainties with respect to
the hydraulic based models which have fixed exponents. The reason is the high values of the
standard deviation and covariances in the VCV matrix for these models. This can be observed
from the Tables 4.9, 4.25 and 4.29 and Figures 4.10, 4.23 and 4.26 for the models 2, 4 and 5
respectively. Model 1 has the minimum value among all the models since the H data has the
lowest uncertainties among the involved quantities combined with small values of the VCV
matrix as listed in Table 4.1.
Concerning the uncertainties for the Po, almost all the models show high values except model 1
similar to the Niger case. The possible answer for this behaviour is the poor correlation among
the observables Q, W and H listed in 2.5 and high values in the VCV matrix of the models.
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Figure 4.39: Average σQ over four reaches of the river Niger
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Figure 4.40: Average σQ over four reaches of the river Po
As it can be seen from the Tables 4.49 and 4.50, for the first two models, where we estimate
discharge using solely height or width, we obtain poor results with respect to other models.
Especially for the second model where we have quite huge errors in width data. Generally
speaking, increasing the number of involved variables including height, width and slope will
improve the outcome of the discharge estimation. Furthermore, reducing the number of un-
known parameters during computation process will improve the results. For instance, con-
sidering the model 5, although we take into account the slope data, the results of the second
model slightly outperforms since the number of unknown parameters is less than the model 5.
Besides, having fixed exponents such as models 6 to 9 leads to better results than the models
containing exponents as unknown variables. This is much more obvious for the case of the Po
where data is much corrupted with errors.
Dividing the models into models with ’fixed exponents’, model 1 to 5, and ’not fixed exponent’,
model 6 to 8, we can recognize that model 3 performs better than other models for both rivers
and model 7 shows slightly better performance than other models with fixed exponents.
Comparing the results of both rivers show that the Niger where the data has less noise and
error outperforms the results of the Po.
Measured and estimated discharges for all the models for the Niger are shown in Figures 4.41,
4.42, 4.43 and 4.44
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Figure 4.41: In situ and estimated discharges for all the models of the first reach of the river Niger
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Figure 4.42: In situ and estimated discharges for all the models of the second reach of the river Niger
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Figure 4.43: In situ and estimated discharges for all the models of the third reach of the river Niger
For the first reach of the Niger where we have the least correlation between width and dis-
charge data, all the models except model 2 and 8 follow the in situ data in a similar pattern.
Model 2 is totally given wrong results and model 8 does not track properly for the high peaks.
For the second to fourth reaches of the Niger–where we have less erroneous data–model 1, 3,
6, 7 and 9 behave similar to each other and follow the in situ data smoothly. As it can be seen
from the Figure, Models 2, 4 and 5 show similar pattern but they have some huge variations in
following the in situ behaviour. In general, these models shows better performance than other
models during the high peaks. To have more clearance on the results models 5, 6 and 8 are
shown in Figure 4.45 for the second reach
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Figure 4.44: In situ and estimated discharges for all the models of the fourth reach of the river Niger
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Figure 4.45: In situ and estimated discharges for models 5, 6 and 8 for the second reach of the river Niger
Measured and estimated discharges for all the models for the river Po are shown in Figures
4.46, 4.47, 4.48 and 4.49
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Figure 4.46: In situ and estimated discharges for all the models of the first reach of the river Po
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Figure 4.47: In situ and estimated discharges for all the models of the second reach of the river Po
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Figure 4.48: In situ and estimated discharges for all the models of the third reach of the river Po
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Figure 4.49: In situ and estimated discharges for all the models of the fourth reach of the river Po
For the Po, models 1, 4, 5 and 8 have the same behaviour and follow the behaviour of in situ
measurements, although they do not track the high peaks properly especially the model 8.
Models 3, 6, 7 and 9 have a quite similar pattern with respect to each other and follow the in situ
data better than the models of the first group. However, models 3 and 9 performs slightly better
than models 6 and 7 in some periods of high peaks. Roughly we can conclude that models 3
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and 9 performs better for the reaches of the Po. Similar to the Niger, three models namely 5,
6 and 9 are chosen to display the discrepancies between similar models for the second reach
which are shown in Figure 4.50
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Figure 4.50: In situ and estimated discharges for models 5, 6 and 8 for the second reach of the river Po
4.4.1 Extreme events
In this section, we assess the ability of different models to monitor the extreme events in dis-
charge time series. To this end, we analyze the cumulative distribution function (CDF) of the in
situ discharge and the models together. Figure 4.51 shows the CDF of in situ discharge together
with CDF of discharge time series obtained from different models. As it can be seen from the
figure for the Niger, more than 85% of the discharge values are less than 2000 m3s−1. In ad-
dition, less than 15% are larger than 2000 m3s−1. For small values of the discharge e.g. below
2000 m3s−1, almost all the models follow the CDF of the in situ data.
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Figure 4.51: The cumulative distribution function (CDF) of the in situ data and the models for the river Niger
Figure 4.52 shows the in situ and the models during the extreme events (2000 < Q < 4500).
The models 6, 7 and 9 behave similarly and have the furthest away CDF’s from the in situ CDF
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among all. As the discharge increases (Q > 2000 m3s−1), all the models expect experimental
models 2, 4 and 5–which are highlighted in the figure–are diverted from the in situ discharge.
These models share a common factor which is having the separate exponent for each observable
(H, W and S). A possible explanation for this observation–at least in extreme events–is that each
reach has its own specific characteristics and by considering different exponent e.g model 5, we
obtain a better representation of the reach.
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Figure 4.52: The cumulative distribution function (CDF) of the in situ data and the models for the river Niger for the high
peaks (2000 < Q < 4500)
In Figure 4.53, the CDF of the in situ and the models are shown for the Po river. Similar to the
Niger, if we consider the high peaks starting at 2000 m3s−1, almost 90% of the estimated dis-
charge by the models are below 2000 and only 10% are higher than this value. As the discharge
increases, the difference among the models and in situ CDF becomes larger. This means the
models can not capture the behaviour of the discharge time series during the extreme events.
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Figure 4.53: The cumulative distribution function (CDF) of the in situ data and the models for the river Po
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Figure 4.54 shows the behaviour of the CDF’s for the high peaks. Models 3 and 9 shows the
closest pattern to the in situ CDF. This confirms the arguments which were written in the last
few pages about better performance of these two models in the high peaks.
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Figure 4.54: The cumulative distribution function (CDF) of the in situ data and the models for the river Po for the high peaks
(2000 < Q < 6000)
In general, reaching a rigid conclusion about extreme events based on the results of these two
rivers is not possible. For each river, the models which capture the in situ data during the ex-
treme events are different and even contradictory. For instance, although model 9 outperforms
other models for the Po, it has the worst result for the Niger. Furthermore, obtaining better
results for the performance metrics will not guarantee better caption of the models during the
extreme events. Obviously, the values of NSE for models 6 and 9 are much better with respect
to model 2, but they are at the bottom of the ranking table for the Niger. This can be read from
the Table 4.51 where the models are ranked based on their performance during the extreme
events with respective NSE.
Table 4.51: Models ranking during the the extreme
events with corresponing NSE for the river Niger and Po
Niger Po
Model NSE Model NSE
[ ] [ ]
4 0.90 3 0.44
5 0.85 9 0.52
2 0.70 7 0.53
8 0.90 6 0.49
3 0.92 8 0.50
1 0.87 4 0.37
7 0.91 5 0.40
6 0.91 1 0.31
9 0.90 2 −0.27
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Chapter 5
Estimation of river depth
5.1 Introduction to river depth estimation
In this chapter, we will have a closer look at estimated average base zero flow height (H0) which
will lead to the estimation of the river depth based on spaceborne satellite techniques namely
the observables quantities river width and water level data. In the second chapter, we evaluate
unknown parameters for the discharge models, among the models, three models namely model
1, 6 and 7 includes unknown parameter H0. Considering H0 as unknown for other models was
not successful and the adjustment model did not converge. We will validate our results for the
river Po where we have surveyed cross-section data.
5.2 Avergae base flow height estimation
5.2.1 Model 1
Estimated average base zero flow height for the Niger and Po with their respective standard
deviation for model 1 (Q = a(H −H0)b) are shown in Tables 5.1 and 5.2. As it can be read from
the tables, the level of error is quite high large both cases Corresponding rating curve and data
Table 5.1: Estimated average base flow height for
the river Niger (model 1)
Reach H0 σH0
[m] [m]
1 300.46 0.95
2 290.60 1.00
3 287.07 0.73
4 285.67 0.69
Table 5.2: Estimated average base flow height for
the river P (model 1)
Reach H0 σH0
[m] [m]
1 10.5 0.77
2 8.16 0.87
3 6.15 0.68
4 3.31 0.8
points are shown in Figures 5.1 and 5.2
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Figure 5.1: Model 1: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Niger
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Figure 5.2: Model 1: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Po
5.2.2 Model 6
Estimated H0 and the uncertainties for this model (Q = aW1.17(H − H0)1.57S0.34) are summa-
rized in Tables 5.3 and 5.4. Obviously, the standard deviation of estimated H0 is smaller than
the first case, since we do not have unknown parameter as the exponent and number of un-
known parameters are reduced to two.
Estimated discharge and in situ data are shown in Figures 5.3 and 5.4. It should be mentioned
that drawing the rating curve for both cases were not possible since obtaining a 2D mathemat-
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Table 5.3: Estimated average base flow height for
the river Niger (model 6)
Reach H0 σH0
[m] [m]
1 303.46 0.04
2 293.56 0.05
3 289.22 0.04
4 287.40 0.04
Table 5.4: Estimated average base flow height for
the river P (model 6)
Reach H0 σH0
[m] [m]
1 9.28 0.31
2 7.31 0.24
3 6.54 0.11
4 3.53 0.17
ical relationship between parameters W, H and S were not possible even with consideration of
the adjusted values for these parameters.
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Figure 5.3: Model 6: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Niger
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Figure 5.4: Model 6: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Po
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5.2.3 Model 7
Estimated H0 and the uncertainties for this model (Q = aW1.02(H − H0)1.74S0.35) are summa-
rized in Tables 5.5 and 5.6. Obviously the standard deviation of estimated H0 is smaller than
first case. Estimated
Table 5.5: Estimated average base flow height for
the river Niger (model 7)
Reach H0 σH0
[m] [m]
1 303.28 0.08
2 293.28 0.09
3 288.97 0.07
4 287.20 0.08
Table 5.6: Estimated average base flow height for
the river P (model 7)
Reach H0 σH0
[m] [m]
1 8.81 0.32
2 6.82 0.26
3 6.29 0.12
4 3.21 0.18
Estimated discharge and in situ data are shown in Figures 5.5 and 5.6. It should be mentioned
that drawing the rating curve for both cases were not possible since obtaining a mathematical
relationship between parameters W, H and S were not possible even with consideration of the
adjusted values for these parameters.
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Figure 5.5: Model 7: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Niger
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Figure 5.6: Model 7: Estimated H0 with respective uncertainty, data points and fitted rating curve for the river Po
5.2.4 Validation of the results
In this section, we will have a look at the surveyed cross-sectional data which is available only
for the river Po. We will have a close look at the cross-sectional data of the second reach where
we have a tidier pattern with respect to other reaches. Figure 5.7 shows the cross sections for the
second reach along the river Po. It should be noted that base flow height is extracted visually
from the profiles data namely red lines which represent the river bed. The results are shown in
figures 5.8 and 5.9
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Figure 5.7: Surveyed cross sectional profiles of the second reach of the river Po
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Figure 5.8: Cross-sectional data of the second reach of the river Po (1)
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Figure 5.9: Cross-sectional data of the second reach of the river Po (2)
Detailed cross sections data for the second reach are summarized in Table 5.7. The value of
Hmax0 and H
min
0 refers to the maximum and minimum of the river bed which is shown in red
lines in Figures 5.8 and 5.9 and H¯0 is the avarage riverbed height which is base flow height for
each section. Average base flow height for each reach is obtained by averaging H¯0 values of the
sections.
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Table 5.7: Cross sectional data for the second reach of the river Po
Section Hmax0 H
min
0 H¯0 Riverbed River Width
[m] [m] [m] [m] [m]
SMN34 10.59 4.84 7.15 457.84 504.56
S46C 7.89 5.72 6.74 275.03 319.76
SMN33 7.34 6.03 6.76 258.97 298.92
SMN32 10.56 1.53 7.61 348.03 402.30
S46A 10.88 2.88 7.92 421.63 497.98
S46 10.99 0.90 6.74 410.67 444.56
S45C 6.28 3.47 5.12 215.31 266.67
S43B 13.27 7.05 8.91 505.51 583.06
S43A 10.18 1.70 7.10 599.72 599.19
S43BIS 10.35 6.05 8.08 289.61 358.87
S43 13.63 4.23 9.64 338.99 414.74
S42F 14.49 3.98 9.39 477.48 526.88
S42D 11.38 6.77 9.04 497.61 539.17
Similar to the second reach, cross-sectional data for other reaches were extracted and average
base flow height together with obtained results of models 1, 6 and 7 are summarized in Table
5.8
Table 5.8: Average base flow height: estimated from models and surveyed data for the river Po
Reach Model 1 Model 6 Model 7 surveyed data
[m] [m] [m] [m]
1 10.5 ± 0.77 9.28 ± 0.31 8.81 ± 0.32 9.92
2 8.16 ± 0.87 7.31 ± 0.24 6.82 ± 0.26 7.71
3 6.15 ± 0.68 6.54 ± 0.11 6.29 ± 0.12 5.32
4 3.31 ± 0.8 3.53 ± 0.17 3.21 ± 0.17 3.21
As it can be read from the table and Figure 5.10–where the absolute difference between es-
timated and surveyed H0 is shown–, first model have approximately good agreement with
surveyed data, although the standard deviation is rather large with respect to model 6 and 7.
Between model 6 and 7, model 6 shows better performance in contrast to model 7. Generally
speaking, reaching a solid conclusion is not possible based on four reaches Considering more
reaches together with surveyed cross-sectional data may lead to a better conclusion in river
depth estimation.
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Figure 5.10: The bar chart representation of the absolute difference of the estimated and surveyed H0
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Chapter 6
Conclusion and outlook
In this thesis, we evaluated nine different discharge models using measured in situ discharge
data and satellite observable quantities including water level time series and effective river
width. Water level time series were obtained from satellite altimetry based on the method in-
troduced by (Tourian et al., 2016b) where virtual stations of several satellite altimeters are con-
nected hydraulically and statistically to produce water level time series at any location along
the river. Effective river width data produced by the method introduced by (Elmi et al., 2016)
which uses an automatic algorithm for water body area monitoring based on Markov random
field.
Our evaluations were done over four defined reaches of two rivers namely river Niger in Mali
and river Po in Italy. For the Niger, which is respectively a wide river, a high correlation among
the data was observable and we could distinguish the seasonal pattern for the Q,W and H. In
contrast, for the river Po which is rather narrow with respect to the Niger, the correlation values
were quite poor and the seasonal behaviour was not so obvious.
We divided the discharge models into two categories: experimental and hydraulic based mod-
els. In the first group, we started simply by the width data and gradually added the other
observable quantities (H and S) together with the number of unknown parameters. For each
river, we divided the datasets into training and validation period. We estimated the unknown
parameters for each river along each reach using training period data and verified the results
using the validation period.
Estimation process was done by implementing the Gauss-Helmert adjustment model to com-
pute the unknown parameters and corresponding variance-covariance matrix. The Gauss-
Helmert model can be described as a combination of the Gauss-Markov model and the adjust-
ment with condition equations where we assume inconsistencies for both sides of the observa-
tional equation. Moreover, we also considered the corresponding weight of the observations
during the adjustment process.
Concerning the estimation process, an influential parameter during estimation process is the
number of unknown parameters. Having more unknowns will lead to estimations which are
less reliable with respect to models with less unknown parameters. In this regard, models with
fixed exponents outperform the models with exponents as the unknown parameters. Also, we
applied four different performance metrics including correlation coefficient, percentage bias,
Nash-sutcliffe Efficiency (NSE) and RMSE to evaluate the performance of the models.
Regarding the discharge models, we can conclude that the more the number of involved obser-
vations namely H, W and S, we will have better performance of the models than the models
dealing with individual parameters such as W or H. Among the experimental models, model
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3, outperforms other models with NSE 0.92 for the river Niger and 0.44 for the river Po. Among
the hydraulic based models, model 7–established by (Bjerklie et al., 2003)–with NSE of 0.91
for the Niger and 0.53 for the Po outperform other models. All in All, model 7 shows better
performance with respect to other models for both rivers.
Moreover, we assessed the performance of different models to capture extreme events in time
series of discharge. To this end, we analyzed the CDF of the in situ and estimated discharge for
the extreme events. For the river Niger, experimental models except model 4, outperformed
other models during the high peaks. Having respectively noisy data for the river Po, almost
all the models–except model 3 and 9– deviated from the original in situ data in the high peaks.
Generally, reaching a rigid conclusion about the extreme events is not possible and a further
investigation on other rivers is needed.
Average base zero flow height (H0)–which leads to river depth estimation–were also computed
for both rivers as far as the iterative scheme of the Gauss-Helmert model converged. Three
models namely model 1, 6 developed by (Dingman and Sharma, 1997) and 7 developed by
(Bjerklie et al., 2003) converged where H0 assumed to be unknown and respective uncertainty
was also evaluated. Taking into account the availability of the surveyed cross-sectional data
for the river Po, validation of the estimated H0 was done for this river. For the first model, the
results of validation has the average difference of ±0.5 m with standard deviation of ±0.5 m.
However, models 6 and 7 with an average standard deviation of ±0.2 m shows better results
in terms of errors.
A possible perspective for this work would be to investigate more into the Gauss-Helmert
model with inequality constraint (ICGHM) as described in (Roese-Koerner, 2015). Except for
the models which mentioned in the last paragraph, we assume the H0 to be known for the
other models (excluding the second model which only consists of W). Considering H0 as an
unknown parameter causes the discharge model not to converge in the iterative scheme. Fur-
thermore, we reach complex values in the design matrix A since the updated value of H0 be-
comes larger than the value of H in (H − H0) part. Consequently, we should think of a proper
constraint to overcome the mentioned problems.
A possible constraint would be H0 ≤ min(H) where we do not allow the value of H0 becomes
larger than the minimum value of water surface elevation H along the reach. (Roese-Koerner,
2015) formulate the ICGHM in two ways: ICGHM as a Standard Quadratic Program and Tailor-
Made Transformation of the ICGHM concerning solely the parameters. Since our constraint
(H0 ≤ min(H)) consists of only the parameter H0, we applied second approach to investigate
the results.
The second approach is based on the active-set algorithm where the algorithm follows the
boundary of a feasible region in the parameter space in an iterative scheme until the optimal
solution is achieved. In the active-set algorithm, the inequality constraint is solved with a se-
quence of equality constraints and in each iteration, the active constraints w (a constraint is
called active if it holds equality constraint) are identified and form a working set. The cor-
responding Lagrangian includes the linearized observation equation and active constraints
(Roese-Koerner, 2015).
The computation process includes an inner loop and an outer one. In the inner loop–which
has an iterative scheme–, the active constraints are identified and the linear system of equation
is solved to update the initial solution vector δx and obtaining Lagrange multipliers (kw and
kGHM). Next steps will be the computation of the so-called search direction p and step length q
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which will be used to reupdate the δx. The outer loop is similar to the normal iterative scheme
of the Gauss-Helmert model. The difference is that kw, kGHM and δx is calculated from the inner
loop (Roese-Koerner, 2015).
The ICGHM was implemented on the third model with different values for the right-hand side
of the constraint. The model converged in some cases and in these cases, the value of H0 reaches
the maximum possible value for H0. This was quite problematic when we had to validate
the results where the value of H0 was larger than the value of H in some cases. A possible
perspective for this work would be to implement ICGHM on the other models to examine the
estimated H0 together with other involved unknown parameters.
Another aspect for the continuation of this thesis would be to check further optimization algo-
rithms for the models which are highly non-linear like model 5 which includes several expo-
nents as unknown variables.
All in all, in this thesis, we evaluate different discharge models with respect to SWOT observable
quantities namely W, H and S based on the real satellite data namely altimetry and imagery.
Besides, since the SWOT mission will not observe river channel bathymetry e.g. depth, we
calculate the average base flow height H0 with a reasonable difference with respect to reality.
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